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The mathematical operation of finding a square root is a cornerstone of algebra, geometry, and advanced calculus.

While modern technology has reduced the complexity of these operations to a single button press on a digital

calculator, the underlying mechanics remain vital for engineering, computer science, and theoretical mathematics.

Understanding how to find the sum of squares and the roots of numbers requires a multi-faceted approach,

blending historical manual techniques with modern algorithmic logic. This article serves as a technical deep-dive

into the methodologies, proofs, and practical applications of root extraction, from the ancient long division method

to the CORDIC algorithms used in silicon-based processors.

1. Theoretical Framework: Defining the Square Root

In technical terms, the square root of a number x is a number y such that y² = x. Every non-negative real number 

has a unique non-negative square root, referred to as the principal square root. Mathematically, this is denoted by 

the radical symbol "�. The complexity of calculating these values arises primarily from the fact that the square roots of 

most natural numbers (those that are not perfect squares) are irrational numbers. These numbers cannot be

expressed as simple fractions and possess non-repeating, infinite decimal expansions.

1.1. The Nature of Irrational Roots

Consider the square root of 3 ("�3) or the square root of 6 ("�6). Because neither 3 nor 6 are perfect squares (like 1, 4, 

9, or 16), their roots are irrational. In technical practice, this necessitates a decision regarding finite precision.

Whether an engineer is calculating the structural load of a bridge or a software developer is rendering a 3D

environment, the level of decimal precision (e.g., four decimal places versus sixteen) is determined by the

computational requirements of the specific task. As noted in technical study data, computing roots for natural

numbers requires iterative approximation to reach a desired accuracy.

2. Manual Methods of Root Extraction

Before the advent of the integrated circuit, mathematicians relied on robust manual algorithms to find roots. These

methods remain essential for understanding numerical analysis and provide a fallback when digital tools are

unavailable.

2.1. The Long Division Method

The Long Division Method is the most reliable manual technique for finding square roots to any desired number 

of decimal places. It resembles the standard long division process but follows a specific algorithmic sequence 

based on the identity (a + b)² = a² + 2ab + b².

•  Step 1: Grouping. Begin by grouping the digits of the number into pairs, starting from the decimal point and 

moving both left and right. For example, to find the root of 645.2, group it as (06)(45) . (20).

•  Step 2: Finding the Largest Square. Identify the largest perfect square less than or equal to the leftmost group. 

Take its square root as the first digit of the quotient.



•  Step 3: Subtraction and Bringing Down. Subtract the square from the leftmost group and bring down the next 

pair of digits.

•  Step 4: Doubling the Quotient. Double the current quotient and write it with a blank space for a new digit (e.g., 

if the quotient is 2, the new divisor becomes 4_).

•  Step 5: Trial and Error for the Next Digit. Find a digit n such that (divisor with n attached) multiplied by n is less 

than or equal to the current remainder.

•  Step 6: Iteration. Repeat the process until the desired precision is achieved.

2.2. The Babylonian Method (Heron's Method)

The Babylonian Method is an iterative algorithm that is remarkably efficient and serves as the precursor to the 

Newton-Raphson method used in modern computing. It is based on the principle that if y is an overestimate of the 

square root of x, then x/y will be an underestimate, and their average will be closer to the actual root.

The formula for the next approximation y ™ Š • is:

y ™ Š • = ½ (y ™ + x / y ™)

This method converges quadratically, meaning the number of correct digits roughly doubles with each iteration. It is

particularly useful for mental estimations and software loops where high-speed convergence is prioritized.

3. Geometric Context: Roots in Coordinate Geometry

Square roots are not merely abstract numerical values; they represent physical distances. In coordinate geometry, 

the distance between two points (x •, y •) and (x ‚, y ‚) is derived from the Pythagorean Theorem , resulting in the

Distance Formula:

d = "�[(x ‚ - x •)² + (y ‚ - y •)²]

3.1. Practical Application: Slope and Segment Length

In technical drafting and mathematics, calculating the properties of a line segment involves both slopes and roots. 

For instance, consider a segment from (3, 1) to (5, 6). The horizontal change (9G‚’�—2�"Â��æB�F†R�`ertical change (9G’’�—2�

5. While the slope is 5/2 (or 2.5), the lengthof the segment is "�(2² + 5²) = "�29. Understanding the relationship

between these values is critical for spatial analysis and vector mathematics.

4. Comparison of Computational Techniques

The following table evaluates the most common methods for square root calculation based on complexity, speed,

and suitability for different environments.



Method Execution Type Convergence Speed Precision Control Best Use Case

Long Division Manual/Pencil-Paper Linear High (Exact 
decimals)

Classroom 
instruction, no 
calculator access.

Babylonian (Heron's) Iterative/Algorithmic Quadratic Adjustable via 
iterations

Software loops, 
mental math.

CORDIC Algorithm Digital/Hardware Logarithmic Fixed (Hardware-
defined)

Calculators, FPGA, 
Microcontrollers.

Taylor Series Power Series Slow Variable Theoretical calculus, 
function modeling.

Estimation (Nearest 
Square)

Heuristic Very Low Poor Quick sanity checks 
in the field.

5. Digital Execution: How Calculators Compute Roots

Modern electronic calculators do not perform "long division" in the way humans do. Instead, they utilize specialized 

algorithms optimized for binary logic. The most common of these is the Coordinate Rotation Digital Computer 

(CORDIC) algorithm.

5.1. The CORDIC Framework

The CORDIC algorithm allows for the calculation of trigonometric functions, logarithms, and square roots using

only simple addition, subtraction, bit shifting, and lookup tables. This is highly efficient for hardware because it

avoids the need for a dedicated hardware multiplier, which is silicon-intensive. In the context of a square root, the

algorithm uses a series of rotations in a hyperbolic coordinate system to converge on the result.

5.2. Memory and Precision Management

As identified in scientific study data, the precision of a calculator often depends on its storable memory. For

complex calculations involving the sum of squares, users are advised to calculate individual squares, store them in

the device's memory registers (M+), and then compute the root of the accumulated sum. This prevents rounding

errors that occur when intermediate results are truncated. Technical professionals often use scientific calculators

that support 10 to 14 digits of internal precision to maintain accuracy through multi-step engineering formulas.

6. Case Studies: Rationalizing Irrational Constants

In engineering and physics, certain roots appear more frequently than others. Analyzing these specific constants

provides insight into how precision impacts final outcomes.

6.1. The Square Root of 3 ("�3 "H 1.732)

The value of "�3 is fundamental in Three-Phase Powercalculations in electrical engineering. In a balanced three-

phase system, the line-to-line voltage is "�3 times the line-to-neutral voltage. A failure to calculate this root with at

least three decimal places of precision can lead to significant errors in transformer sizing and circuit breaker

selection. Using the Long Division method, we can determine "�3 to be 1.73205081..., an irrational sequence that

never terminates.



6.2. The Square Root of 6 ("�6 "H 2.449)

The square root of 6 often appears in statistical standard deviation formulas and in the geometry of a cube

(specifically the distance from the center to an edge). Mathematically, "�6 can be simplified as "�(2 × 3) = "�2 × "�3. This

property allows mathematicians to derive its value by multiplying the known constants for "�2 (1.414) and "�3 (1.732).

7. Troubleshooting and Error Mitigation

When performing technical root calculations, several common failure modes can compromise the integrity of the

data. Identifying these early is key to successful implementation.

7.1. Loss of Significance (Catastrophic Cancellation)

In floating-point arithmetic, subtracting two nearly equal numbers can lead to a loss of significance. When this

result is then used in a square root calculation, the relative error is magnified. To mitigate this, engineers often use

algebraic identities to rearrange formulas and avoid the subtraction of nearly identical large numbers.

7.2. Sign Errors and Complex Numbers

A frequent error in algebra involves the equation t² = x. It is a common mistake to assume t = "�x. Technically, the 

solution is t = ±"�x. In physical contexts where time (t) or distance (d) must be positive, the negative root is discarded. 

However, in electrical engineering (specifically AC circuit analysis), the roots of negative numbers lead to the 

imaginary unit (j), where "�-1 = j. Distinguishing between real-number constraints and complex-number systems is

vital for technical accuracy.

8. Historical Evolution of Root Calculation

The pursuit of efficient root extraction has driven mathematical innovation for millennia. Historical records, such as 

those found in 19th-century scientific journals like The Athenaeum or mid-20th-century publications like Popular 

Science, highlight the transition from mechanical calculating machines to electronic circuits. In 1945, the state-of-

the-art involved complex gear-based machines that could perform square roots through repeated subtraction, a

mechanical realization of the long division method. Today, the same operation is performed in nanoseconds by

millions of transistors, yet the mathematical logic remains rooted in the same principles discovered by the

Babylonians and refined by Newton.

Conclusion: Synthesis of Concepts

The ability to compute square roots—whether through manual long division, iterative algorithms like the Babylonian

method, or digital CORDIC execution—remains a fundamental skill in the technical landscape. Precision is the

defining factor that separates theoretical mathematics from applied engineering. By understanding the irrational

nature of roots like "�3 and "�6, applying the geometric principles of the distance formula, and utilizing calculator

memory functions effectively, professionals can ensure accuracy in complex computations. As we move further into

an era of automated computation, the foundational knowledge of how these roots are derived provides the

necessary oversight to troubleshoot errors and innovate in fields ranging from structural engineering to advanced

data science. The sum of squares and their subsequent roots are more than just numbers; they are the

mathematical scaffolding upon which our physical and digital worlds are built.
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